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We consider curvature-teleparallel F (R,T ) gravity, where the gravitational Lagrangian density is
given by an arbitrary function of the Ricci scalar R and the torsion scalar T . Using the Noether
Symmetry Approach, we show that the functional form of the F (R, T ) function, can be determined
by the presence of symmetries . Furthermore, we obtain exact solutions through to the presence
of conserved quantities and the reduction of cosmological dynamical system. Example of particular
cosmological models are considered.
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I. INTRODUCTION
In recent years the increased interest for the Extended Theories of Gravity has led to figure out the cosmic ac-
celeration phenomenon (dark energy) under the standard of further gravitational degrees of freedom coming from
generalized gravities [1–11]. This means that phenomena like dark energy and dark matter could be addressed as-
suming a different behavior of the gravitational field with respect to the standard General Relativity (GR) at infrared
scales [12]. In particular, modified gravitational theories like f(R)-gravity can be considered as extensions of Gen-
eral Relativity, alternatives to dark matter and dark energy. In these classes of theories, generic functions of the
Ricci scalar R are considered, for example, to address the accelerated expansion observed by supernovae observations
[15, 16].
Many models have been introduced starting from the primitive f(R) extension [17], such as for example F (G),
where G is Gauss-Bonnet topological invariant or combinations of these last two, as the F (R,G) [18–25]. Furthermore,
extension of teleparallel gravity, f(T ), where T is the torsion scalar have been considered [26]. The general issue is
that many geometric invariant can be considered and the problem to find a new "material component" to address
the accelerated expansion problem could be be completely circumvented assuming extensions of GR. However, the
problem is how many and what kind of geometric invariants can be used, Besides, what kind of physical information
one can derive from them.
Recently much interest has also been given to the, F (R, T ) modified theories of gravity, where the gravitational
Lagrangian constituted by an arbitrary function of the Ricci scalar R and the torsion scalar T [34–36]. The problem
could seem redundant since information contained in f(R) gravity could be the same contained in f(T ) gravity
depending on the definition of connection (e.g. Levi-Civita or Weitzenböck). Actually, differences emerge when the
theories are reduced under the same standard. In the Friedman-Robertson-Walker (FRW) metric, differences emerge
pointing out that degrees of freedom of f(R) and f(T ) are not exactly the same [14]. This fact emerges when one
searches for symmetries of the theories that are, in general, different.
In this paper, we want to obtain Noether symmetries for F (R, T ) Lagrangians and, consequently, to fix specific
forms of the Lagrangian. The method of Noether Symmetry Approach has been extensively used for alternative
theories giving some relevant results both for cosmology and self gravitating-systems [14, 27–33]. The present paper is
organized as follow. In Sec. II we introduce briefly the theoretical motivations and the main ingredients for F (R, T )
gravity. In particular, we point out how, R and T degrees of freedom can be discussed under the same standard
comparing holonomic and anholonomic coordinate systems. In Sec. III we derive the FRW cosmological equations
for F (R, T ) gravity starting from the point-like Lagrangian that can be derived considering the function R and T
∗ e-mail address: mfdelaurentis@tspu.edu.ru
2as suitable Lagrange multipliers. In such a case, R and T can be considered as independent fields. The Noether
Symmetry Approach is discussed in Sec. IV. The existence of the symmetries allows to fix the form of the F (R, T )
function and to find out exact cosmological solutions. Conclusions are drawn in Sec. V.
II. F (R,T ) GRAVITY
A general torsionless action f(R) gravity is given by
A = 1
2κ
∫
d4x
√−gf(R) + Lm (1)
with g being the determinant of the metric tensor, Lm is the matter part of the action, κ = 8piGN and f(R) is a
non-linear function of curvature scalar R. As we well know, this Lagrangian can be obtained directly by replacing the
Ricci scalar R in the Hilbert-Einstein Lagrangian with a function f(R) of the Ricci scalar. On the other hand, f(T )-
gravity is the modified form of the curvature-free vierbein gravitation theory which is also known as the teleparallel
gravity. Following the same method adopted for f(R)-gravity, f(T )-gravity can be directly achieved by replacing the
torsion scalar T with a general function of torsion f(T ) in the teleparallel Lagrangian [37–43]. The theory is described
by the following action
A = 1
2κ
∫
d4xhf(T ) + Lm , (2)
where h is the determinant of the vierbein. It is important to note that the field equations for f(T )-gravity are second
order in the covariant derivatives and therefore simpler than f(R)-gravity that are of fourth order. The vierbein hµi
has the following properties1
hµi h
j
ν = δ
µ
ν , h
µ
i h
i
µ = δ
µ
ν , (3)
and it is considered like a dynamical object. Here hjµ is the inverse matrix of vierbein. The vierbein relates with the
metric as
gµν = ηabh
a
µh
b
ν (4)
where ηab = diag(1,−1,−1,−1) is the Minkowski metric for the tangent space. The action for the theory where the
Lagrangian is a combination of Ricci and Torsion scalars is
A = 1
2κ
∫
d4x
√−g [F (R, T ) + Lm] . (5)
The curvature scalar R is defined by R = gµνRµν where g
µν is the inverse of the metric tensor and Rµν is the Ricci
tensor. Clearly, we can define |h| ≡ det(hiµ) = √−g in order to connect the two formalisms. The Einstein-Hilbert
theory is built on the Levi-Civita connection of the metric
Γαµν ≡
1
2
gαβ (∂µgβν + ∂µgβν − ∂βgµν) . (6)
The above connection has non-zero curvature and it is yet torsionless. Using the torsionless Levi-Civita connection
the Ricci tensor assume the following form
Rαβ = ∂ηΓ
η
βα − ∂βΓηηα + ΓηηλΓλβα − ΓηβλΓληα . (7)
While in the theory of vierbein we use Weitzenböck connection (tilded to distinguish from Levi-Civita connection
Γαµν)
Γ˜αµν = h
α
κ∂νh
κ
µ , (8)
1 In this study, we represent the space-time indices by the Greek alphabet (α, β, µ, ν...) and the tangent space indices by the Latin alphabet
(a, b, i, j...). These indices run over the values 0, 1, 2, 3.
3that has a zero curvature but nonzero torsion. The torsion tensor is
Tαµν ≡ Γ˜ανµ − Γ˜αµν , (9)
and, the torsion scalar T in the action is given by
T = Sµνρ T
ρ
µν . (10)
where Sµνρ is
Sρµν ≡ Kµνρ − gµνT σµσ + gρµT σνσ. (11)
and
Kµνρ =
1
2
[
T νµρ + T
µν
ρ − T µνρ
]
. (12)
Clearly, defining the relation between holonomic and anholonomic reference frames is possible to reduce all these
quantities under the same standard. Hence, the variation of the action allows to find out the field equations. It is
δA = 1
2κ
∫
d4x [F (R, T )δh+ hδF (R, T )] + δLm = 0 , (13)
where δF (R, T ) can be expanded as
hδF (R, T ) = h
∂F (R, T )
∂R
δR+ h
∂F (R, T )
∂T
δT (14)
The problem is how we can find a relation between δR and δT because we must focus on the following integral
I =
∫
d4xhδF (R, T ) =
∫
d4x
[
h
∂F (R, T )
∂R
δR+ h
∂F (R, T )
∂T
δT
]
(15)
It is easy to see that
δR = δ (gµνRµν) = Rµνδg
µν +
(∇µ∇ν − gµν∇λ∇λ) δgµν , (16)
hδT = hδ
(
Sµνρ T
ρ
µν
)
=
[
2∂ν
(
hhρκS
µν
ρ
)− 2hhγκSρβµTρβµ] δhκµ − 2∂ν (hhρκSµνρ δhκµ) , (17)
Using these results we find, after integration by parts,
I =
∫
d4xh
[(∇mu∇ν − gµν∇λ∇λ) ∂F (R, T )
∂R
− ∂F (R, T )
∂R
Rµν
]
δgµν +
+
∫
d4x
[
2
∂F (R, T )
∂T
∂ν
(
hhρκS
µν
ρ
)− 2h∂F (R, T )
∂T
hγκS
ρβµTρβµ + 2h
(
∂ν
∂F (R, T )
∂T
)
hρκS
µν
ρ
]
δhκµ . (18)
At this point, we can use the relation between metric tensor and vierbeins. After, we can define the variation of the
action with respect to the vierbeins, and the following field equations come out:
1
2
hµκF (R, T ) + hκν
[(∇µ∇ν − gµν∇λ∇λ) ∂F (R, T )
∂R
− ∂F (R, T )
∂R
Rµν
]
+
1
h
∂F (R, T )
∂T
∂ν (hh
σ
κS
µν
σ )
−∂F (R, T )
∂T
hγκS
ρβµTρβγ + h
σ
κS
µν
σ
(
∂2F (R, T )
∂T 2
∂νT +
∂2F (R, T )
∂T∂R
∂νR
)
= 0 . (19)
It is easy to see that from F (R, T ) both f(T ) and f(R) can be immediately recovered. The Hilbert-Einstein action
is immediately recovered for F (R, T ) = R. Now we have all the ingredients to derive the cosmological equations.
4III. F (R,T ) COSMOLOGY
The cosmological equations can be derived both from the field Eqs.(19) or deduced by a point-like canonical
Lagrangian L(a, a˙, R, R˙, T, T˙ ) related to the action (5). Here Q ≡ {a,R, T } is the configuration space from which it
is possible to derive TQ ≡ {a, a˙, R, R˙, T, T˙}, the corresponding tangent space on which L is defined as an application.
The variables a(t), R(t) and T (t) are, respectively, the scale factor, the Ricci scalar and the torsion scalar defined in
the FRW metric. The Euler-Lagrange equations are
d
dt
∂L
∂a˙
=
∂L
∂a
,
d
dt
∂L
∂R˙
=
∂L
∂R
,
d
dt
∂L
∂T˙
=
∂L
∂T
, (20)
with the energy condition
EL =
∂L
∂a˙
a˙+
∂L
∂R˙
R˙+
∂L
∂T˙
T˙ − L = 0 . (21)
Here the dot indicates the derivatives with respect to the cosmic time t. One can use the method of Lagrange
multipliers to set R and T as constraints for dynamics [50]. In fact selecting suitable Lagrange multipliers and
integrating by parts to eliminate higher order derivatives, the Lagrangian L becomes canonical. In physical units, the
action is
A = 2pi2
∫
dt a3
{
F (R, T )− λ1
[
R+ 6
(
a¨
a
+
a˙2
a2
)]
− λ2
[
T + 6
(
a˙2
a2
)]}
. (22)
Here the definitions of the Ricci scalar and the torsion scalar in FRW metric have been adopted, that is
R = −6
[
a¨
a
+
(
a˙
a
)2]
= −6(H˙ + 2H2) , (23)
T = −6
(
a˙
a
)2
= −6H2. (24)
where a spatially flat FRW spacetime has been adopted. It is worth stressing that the two Lagrange multipliers are
comparable but the order of derivative is higher for R. By varying the action with respect to R and T , one obtains
λ1 =
∂F (R, T )
∂R
, λ2 =
∂F (R, T )
∂T
, (25)
then the above action becomes
A = 2pi2
∫
dt
{
a3F (R, T )− a3 ∂F (R, T )
∂R
[
R+ 6
(
a¨
a
+
a˙2
a2
)]
− a3 ∂F (R, T )
∂T
[
T + 6
(
a˙2
a2
)]}
. (26)
After an integration by parts, the point-like Lagrangian assumes the following form
L = a3
[
F (R, T )−R∂F (R, T )
∂R
− T ∂F (R, T )
∂T
]
+ 6 aa˙2
[
∂F (R, T )
∂R
− ∂F (R, T )
∂T
]
+
6 a2 a˙
[
R˙
∂2F (R, T )
∂R2
+ T˙
∂2F (R, T )
∂R∂T
]
, (27)
which is a canonical function of 3 coupled fields a, R and T depending on time t. The first term in square brackets
has the role of an effective potential. It is worth stressing again that the Lagrange multipliers have been chosen by
considering the definition of the Ricci curvature scalar R and the torsion scalar T . This fact allows us to consider the
constrained dynamics as canonical.
5It is interesting to consider some important subcases of the Lagrangian (27). For F (R, T ) = R, the GR Lagrangian
is recovered. In this case, we have
L = 6aa˙2 + a3R , (28)
that, after developing R, easily reduces to L = −3aa˙2, the standard point-like Lagrangian of FRW cosmology. In the
case F (R, T ) = f(R), we have [1]
L = 6aa˙2f ′(R) + 6a2a˙R˙f ′′(R) + a3 [f(R)−Rf ′(R)] , (29)
while teleparallel cosmology [14] is recovered for F (R, T ) = f(T ), and then
L = a3[f(T )− Tf ′(T )]− 6aa˙2f ′(T ) . (30)
Clearly, these cases deserve a specific investigation.
A. The cosmological equations
Let us now derive the Euler-Lagrange equations from Eqs. (20)- (21). They are
[
∂F (R, T )
∂R
− ∂F (R, T )
∂T
] (
12a˙2 − 6a2 + 12aa¨)− 3a2 [F (R, T )− T ∂F (R, T )
∂T
−R∂F (R, T )
∂R
]
−12aa˙
[
T˙
∂2F (R, T )
∂T 2
− R˙∂
2F (R, T )
∂R2
]
− 12aa˙
[
R˙
∂2F (R, T )
∂R∂T
− T˙ ∂
2F (R, T )
∂R∂T
]
+6a2
[
T¨
∂2F (R, T )
∂R∂T
+ R¨
∂2F (R, T )
∂R2
+ T˙ 2
∂3F (R, T )
∂R∂T 2
+ 2R˙T˙
∂3F (R, T )
∂R2∂T
+ R˙2
∂3F (R, T )
∂R3
]
= 0 , (31)
a3
[
R
∂2F (R, T )
∂R2
+ T
∂2F (R, T )
∂R∂T
]
+ 6aa˙2
[
∂2F (R, T )
∂R2
+
∂2F (R, T )
∂R∂T
]
+ 6a2a¨
∂2F (R, T )
∂R2
= 0 , (32)
a3
[
T
∂2F (R, T )
∂T 2
+R
∂2F (R, T )
∂R∂T
]
+ 6aa˙2
[
∂2F (R, T )
∂T 2
+
∂2F (R, T )
∂R∂T
]
+ 6a2a¨
∂2F (R, T )
∂R∂T
= 0 , (33)
The energy condition (21), corresponding to the 00-Einstein equation, gives
EL = 6aa˙
2
[
∂F (R, T )
∂R
− ∂F (R, T )
∂T
+
]
+ a3
[
F (R, T )− T ∂F (R, T )
∂T
−R∂F (R, T )
∂R
]
−6a2a˙
[
T˙
∂2F (R, T )
∂R∂T
+ R˙
∂2F (R, T )
∂R2
]
= 0 , (34)
Alternatively, this system can be derived from the field Eqs.(19).
IV. THE NOETHER SYMMETRIES APPROACH
The existence of Noether symmetries allows to select constants of motion so that the dynamics results simplified.
Often such a dynamics is exactly solvable by a straightforward change of variables where acyclic ones are determined
[44]. A Noether symmetry for the Lagrangian (27) exists if the condition
LXL = 0 → XL = 0 , (35)
holds. Here LX is the Lie derivative with respect to the Noether vectorX . Eq.(35) is nothing else but the contraction of
the Noether vector X , defined on the tangent space TQ ≡ {a, a˙, R, R˙, T, T˙} of the Lagrangian L = L(a, a˙, R, R˙, T, T˙ ),
with the Cartan one-form, generically defined as
6θL ≡ ∂L
∂q˙i
dqi . (36)
Condition (35) gives
iXθL = Σ0 , (37)
where iX is the inner derivative and Σ0 is the conserved quantity [45–49]. In other words, the existence of the
symmetry is connected to the existence of a vector field
X = αi(q)
∂
∂qi
+
dαi(q)
dt
∂
∂q˙i
, (38)
where at least one of the components αi(q) have to be different from zero to generate a symmetry. In our case, the
generator of symmetry is
X = α
∂
∂a
+ β
∂
∂R
+ γ
∂
∂T
+ α˙
∂
∂a˙
+ β˙
∂
∂R˙
+ γ˙
∂
∂T˙
. (39)
The functions α, β, γ depend on the variables a,R, T and then
α˙ =
∂α
∂a
a˙+
∂α
∂R
R˙ +
∂α
∂T
T˙ , β˙ =
∂β
∂a
a˙+
∂β
∂R
R˙+
∂β
∂T
T˙ , γ˙ =
∂γ
∂a
a˙+
∂γ
∂R
R˙+
∂γ
∂T
T˙ . (40)
As stated above, a Noether symmetry exists if at least one of them is different from zero. Their analytic forms can
be found by making explicit Eq. (35), which corresponds to a set of partial differential equations given by equating
to zero the terms in a˙2,a˙T˙ , a˙R˙, T˙ 2, R˙2,R˙T˙ and so on. In our specific case, we get a system of 7 partial differential
equations related to the fact that being the minisuperpace 3-dim, it is 1 + n(n+ 1)/2 as shown in [27]. We have
6α
[
∂F (R, T )
∂R
− ∂F (R, T )
∂T
]
+ 6βa
[
∂2F (R, T )
∂R2
− ∂
2F (R, T )
∂R∂T
]
+ 6γa
[
∂2F (R, T )
∂R∂T
− ∂
2F (R, T )
∂T 2
]
+12a
∂α
∂a
∂F (R, T )
∂R
− 12a∂α
∂a
∂F (R, T )
∂T
+ 6a2
∂β
∂a
∂2F (R, T )
∂R2
+ 6a2
∂γ
∂a
∂2F (R, T )
∂R∂T
= 0 , (41)
12αa
∂2F (R, T )
∂R∂T
+ 6βa2
∂3F (R, T )
∂R2∂T
+ 6γa2
∂3F (R, T )
∂R∂T 2
+ 6a2
∂α
∂a
∂2F (R, T )
∂R∂T
+12a
∂α
∂T
∂F (R, T )
∂R
− 12a∂α
∂T
∂F (R, T )
∂T
+ 6a2
∂β
∂T
∂2F (R, T )
∂R2
+ 6a2
∂γ
∂T
∂2F (R, T )
∂R∂T
= 0 , (42)
12αa
∂2F (R, T )
∂R2
+ 6βa2
∂3F (R, T )
∂R3
+ 6γa2
∂3F (R, T )
∂R2∂T
+ 6a2
∂α
∂a
∂2F (R, T )
∂R2
+ 12a
∂α
∂R
∂F (R, T )
∂R
−12a ∂α
∂R
∂F (R, T )
∂T
+ 6a2
∂β
∂R
∂2F (R, T )
∂R2
+ 6a2
∂γ
∂R
∂2F (R, T )
∂R∂T
= 0 , (43)
6a
∂α
∂T
∂2F (R, T )
∂R∂T
= 0 , (44)
6a2
∂α
∂R
∂2F (R, T )
∂R2
= 0 (45)
76a2
∂α
∂R
∂2F (R, T )
∂R∂T
+ 6a2
∂α
∂R
∂2F (R, T )
∂R2
= 0 , (46)
3αa2
[
F (R, T )− T ∂F (R, T )
∂T
−R∂F (R, T )
∂R
]
− βa3
[
T
∂2F (R, T )
∂R∂T
+R
∂2F (R, T )
∂R2
]
−γa3
[
T
∂2F (R, T )
∂T 2
+R
∂2F (R, T )
∂R∂T
]
= 0 . (47)
The above system is overdetermined and, if solvable, enables one to assign α, β, γ and F (R, T ). The analytic form of
F (R, T ) can be fixed by imposing, in the last equation of system (47), the conditions


F (R, T )− T ∂F (R,T )∂T − R ∂F (R,T )∂R = 0
T ∂
2F (R,T )
∂R∂T +R
∂2F (R,T )
∂R2 = 0
T ∂
2F (R,T )
∂T 2 +R
∂2F (R,T )
∂R∂T = 0
(48)
where the second and third equations are symmetric. However, it is clear that this is nothing else but an arbitrary
choice since more general conditions are possible. In particular, we can choose the functional forms:
F (R, T ) = f(R) + f(T ) , F (R, T ) = f(R)f(T ) , (49)
from which it is easy to prove that the functional forms compatible with the system (48) are:
F (R, T ) = F0R+ F1T , F (R, T ) = F0R
nT 1−n . (50)
The first case is nothing else but the GR, the second gives interesting cases of possible extended theories as soon as
n 6= 1.
A. The case n = 2
For n = 2, the canonical Lagrangian (27) assumes the form
L = 6a2a˙
(
2R˙
T
− 2RT˙
T 2
)
+ 6aa˙2
(
R2
T 2
+
2R
T
)
(51)
We can choose the variable
R
T
= ζ so reduce the system. The above Lagrangian is transformed into
L = 2a2a˙ζ˙ + 2aa˙2ζ + aa˙2ζ2 (52)
Clearly we have reduced the dynamics assuming that ζ depends on R and T . The Euler-Lagrange equations are
ζ¨ +
(
a˙
a
)2
ζ + 2
(
a¨
a
)
ζ + 2
(
a˙
a
)
ζ˙ +
1
2
(
a˙
a
)2
ζ2 +
(
a¨
a
)
ζ2 + 2
(
a˙
a
)
ζζ˙ = 0 , (53)
(
a˙
a
)2
+
a¨
a
−
(
a˙
a
)2
ζ = 0 , (54)
and the energy condition (
a˙
a
)2
ζ2 + 2
(
a˙
a
)2
ζ + 2
(
a˙
a
)
ζ˙ = 0 . (55)
Clearly we lost an equation of motion because the relation between the two variables R and T is fixed by ζ. Immedi-
ately, an exact solution is
a(t) = a0t
1/2 , ζ = 0 . (56)
which is a radiation solution. Another solution is achieved for ζ = 1 but it is a trivial one being a(t) = a0. This
means that these two solutions, in the case n = 2, are quite natural due to the fact that the asymptotic behavior of
R is 1/t2 like that of T that it is always ∼ 1/t2. Then ζ can be either equal to zero or equal to a constant.
8V. CONCLUSIONS
We have considered the Noether Symmetry Approach for cosmology coming from a generalized gravitational theory
F (R, T ) which is a function of the torsion scalar T and of the Ricci curvature scalar R. The existence of the Noether
symmetry selects suitable F (R, T ) models and allows to reduce dynamics. As a consequence, the reduction process
allows to achieve exact solutions. We have used Lagrange multipliers to derive a point-like canonical Lagrangian. In
this sense, the functions a, T,R can be considered as independent fields [50]. In a forthcoming paper, we will full
develop the method addressing physically observable models.
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